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On the Susceptibility and Clustering Properties
of Unbounded Spins

G. Benfatto' and Ch. Gruber?
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We prove that unbounded spin systems with superstable two-body interactions
have generalized susceptibilities which are strictly positive. This result is then
used to prove that the decay of the correlations cannot be faster than the decay
of the potential if the potential decays with a power law.
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1. INTRODUCTION

Unbounded spin systems with superstable interactions have very nice
properties which have been used to established the existence and the
uniqueness of the equilibrium states> and to discuss the decay properties
of the correlation functions.®™®

In this note, we use these same properties to show that the generalized
susceptibilities y, are strictly positive (Section 4), where

Xa= Z (<dxdy>_<dx><dy>)
yezr
with d(g) an arbitrary function of the spin variable which satisfies the
condition that |d(g)]<cig| In Section5, we then consider two-body
potentials which are integrable and which have a power-law decay at
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infinity; under reasonable conditions, it is shown that if the correlation
functions are assumed to decay faster than the potential then y,= 0. It thus
follows from the previous result that the decay of the correlation functions
cannot be faster than the decay of the potential. In Section 3 it is shown that
for finite volume there exist certain canonical states which obey canonical
sum rules of which y, =0 is a special case. These sum rules which are thus
not valid for infinite systems if the potential is integrable are similar to those
obtained for continuous Coulomb systems'”; it is expected that they will
hold whenever the potential decays slower than or as [x| "7, as |x| - oo,
with v the dimension of the lattice. The superstability estimates necessary for
the proofs are given in Section 2.

2. INFINITE SYSTEMS EQUILIBRIUM STATES:
DEFINITIONS

We consider a classical lattice system defined on Z”. At each site
x € Z* is associated a random spin variable g, which takes values in RY,
d € N. The configuration space of the system is thus

2= {q = (qx)xe Z"}

and g,, for A = Z°, is the restriction of q to the region 4. 2 is a topological
space with product topology inherited from R?. We denote by M(R) the set
of Borel probability measures on £, with the topology determined by the
continuous bounded and cylindrical functions on £.

For each spin g, a free measure A(dg, ) is given where A(dg) is a positive
Borel probability measure on R The one-body potential is included in the
free measure which is thus dependent on S, the inverse temperature. We
suppose that there exists r > 0 such that

[ A(dg) 7 < oo 2.1)

We also suppose that A(dg) is not concentrated on a single value of ¢, that is
Adg)#(g—q,) Vg, ER’ (2.2)

The interaction is defined by means of a two-body potential ¢,,(q,,4,),

where ¢.,(¢,q’) is a real function on R? X R? which is assumed to satisfy
the condition

16xy(@ N <JI(x—y])iqllq’| (2.3)
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where J(n) is a decreasing function of n € N, such that
Jn)< Kn=""¢ (2.4)

for some K and ¢ positive.

Equations (2.1) and (2.3) easily imply that the system belongs to the
class of systems for which the superstability estimates are valid" if we add
the assumption

r>J/2 (2.5)
where
J= 3 J(x) (2.6)
0xxeZv

These systems have some nice properties, exploited in Refs. 1 and 2.
The main one is the following: Let M (£2) = M(2) be the set of probability
measures u with the following properties:

(1) # is a DLR measure, i.e., for each finite 4 < Z” the conditional
probability u[dg, | g,.] satisfies the equilibrium equations

1[dgy | qael = Z 4(q4c) "' Mdg,) exp[—BH(G, | 44c)] (2.7)

4 a.e. with respect to the conditioning spins g,.. Here Z,(g,.) is the
normalization constant, A(dg,) = [ |14 A(dg,) and

H@Grl9x) =3 > 0@ q)+ > 6:,0x:4y) (2.8)
X, yEA xeA
xX#y yeAc¢

(2) If we define

Ry=jqe

S OGN+ 1), V20 (2.9)

Ix1<J
then

U ( U RN> =1 (2.10)

N>0

Notice that Egs. (2.7) imply that H,(q, | g4c) is (almost everywhere) well
defined. In particular the function

W(qx 3 qZV/x) = H(qx ! qZ”/x) (21 1)

is well defined.

In Refs. 1 and 2, the following theorem is proved.
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Theorem 2.1. If conditions (2.1), (2.3), (2.5) are satisfied, the set
M,(£2) is not empty. Furthermore, for any y > O such that

y<p(r—Jj2) (2.12)
there exists a constant J such that for any finite A = Z” and any 4 € MO(Q)
wda) < | TT Mdage?s|ep| - ¥ ii-9)| @)

xeA X€EA

Remarks

(1) Theorem 2.1 is valid under a condition weaker than (2.5). In fact,
it is sufficient that there exist two positive constants A and B such that for
any finite A < 77,

Dt Y 00(@ea,)> Y (e —B) (2.14)
X€EA X, YEA xeA
X#Y

However, in the following we shall need a bound on the interaction also
stronger than Eq. (2.5) [see Eq. (4.7)].

(2) Equation (2.3) implies that ¢,,(g,9') =0 if g or g’ is zero; this
condition can always be realized by changing the free measure. If the
potential satisfies the condition

195(@ @ N < T(x — p)) [g]* g"|*

a change of variable will reduce this model to the case treated in the paper.

3. SUM RULES FOR FINITE SYSTEMS

Let 4 be a finite subset of 7” and let 2, = {g, =(g,),cs} be the
configuration space of a “finite system in the volume 4.” For any function
d(g) on R? such that |d(q)| < c|q|, we define a “canonical state D, for the
system in the finite volume A be a probability measure x, on £2, such that

uda=| T1 4agd|5 (s= X d@o) g G

xe€A XEA

where p,(q,) is a measurable function on £2,, integrable with respect to

Adq,).
Introducing the correlation functions

PV (ax) = f [T Adg,)d (DA - d(qx)) palay)  (32)

Qp\x xeA\X XEA
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where X < A, we have

<H ﬂ @, "”>w—f |1 A(dq.) pi"(ax) f[ lil i (33)

i=1j= xeX i=1

where X = (Xq,..., X), n; €N, (---)*) denotes the expectation with respect
to 4, and we are supposmg that all the moments of #, are finite. It follows
immediately from these definitions that u, satisfies the following “sum
rules,” analogous to those derived in Ref. 7 for continuous systems:

S [ 4(dg,) d(a,) P (axa,) — P (@) PV @)
yéX

=— Y [dg,) — dg@))™]p¥ (ax) (3.4)

xeX

which imply in particular the following identity:

2 [(d(g.) dig, ) —d(g.)){d(g,)] =0 (3-3)

yeA

The equilibrium states of the infinite system are defined by correlation
functions p,(g,) which are solutions of some equilibrium equations, such as
DLR, Kirkwood-Salzburg, or other equivalent equations. It is expected and
often can be proved that the equilibrium states of the infinite system coincide
with the thermodynamic limit 4 — Z” with |4|~'D, fixed. We are therefore
led to ask whether or not the sum rules (3.4) will still be valid for the infinite
systems introduced in Section 2. We shall show in the following that these
sum rules cannot be valid for systems with forces satisfying the integrability
condition (2.4). This result is similar to the one obtained for continuous
systems.®

4. SUSCEPTIBILITY OF THE INFINITE SYSTEM

Let us consider an infinite system satisfying the conditions discussed in
Section 1 and let u € M(2). With A  Z” a finite set, we define

X€eA

From Theorem 2.1 it immediately follows that all the powers of Q, are
integrable with respect to 4. Then it has a meaning to consider the quantity

Xa= [<QA> <QA> | 4.2)

IAI

where (---) denotes the expectation with respect to u.

822/37/1-2-16
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Suppose that u is translation invariant and that

PH(x = ¥) = (Gx8y) — ()4 (4.3)

satisfies the integrability condition:
> pT(z) < 4.4)

zeZv

Then it is easy to show that y, has a limit as 4 —» Z” and that

x=lim y,= 3 p'(2) (4.5)
A-T? ze v
x is called the susceptibility of the system in the state 4. Then, if the sum rule
(3.5) were valid for the infinite system, the susceptibility would be zero. In
this section, we want to show that this is not the case for integrable potential
and thus the sum rule cannot hold. In fact we shall prove the following
theorem.

Theorem 4.1. Let us assume that a classical lattice system satisfies
the conditions (2.1)-(2.4) and the condition [which implies (2.5)]:

J
r>7+J(1) (4.6)
Then, if 4 € M (£2), there exists a constant M > 0 such that,for any finite
AcZ?
Xa=M 4.7)

In order to prove the theorem we need some lemmas where we use some
ideas imployed in Ref. 9 by Ginibre for a similar problem.

In the following, we shall always suppose that the conditions (2.1)}-(2.4)
and (4.6) are satisfied, that u € M(Q) and that A <= Z" is a finite set. We
add also the condition

[ Mdg)g =0 (48)

which simplifies the notation; it is not restrictive since y does not change if
all the spins are translated by the same quantity, i.e., if the define

Qr= X [qx—fl(dq)q]

xXeA
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Lemma 4.1. With W(q,;q;.,,) the function defined in Eq. (2.11),
then the function on £

A4,@=3 4@ =Y 477, xpI—BIWEy; 92)

Xe€A xeA
— W(qy; 9701} 4.9)

is summable with respect to ¢ and
<QA>: <AA> (4-10)

Proof. Equations (2.7), (2.8), (4.1) and Fubini’s theorem imply that

0= [uldas [ Mdas) Z,(as) " exp{~BH(G4194}q | M)

xXeA

= Z fﬂ[dq,\c]fﬂ(dq,\)z,y(qm)_lexp{—ﬂ[—](q”qm)}

xeA

X | M) @, expi—BIW (@i Grx) — W@y d205)])

where we used the fact that [ A(dg)=1. §

Lemma 4.2. Q,A4,(q) is summable with respect to ¢ and

<Q/2\>— <QAAA>:<BA> (4-“)
where
By= ) 4i (4.12)

Proof. Using Eqgs. (4.1), (4.8), and (4.12), we find

@-wo={(S o) - 3 [e-afaaa)

xeA xeA

(Y quger 3 afara)
X1,X2€A X€eA
X1#X)

Proceeding as in Lemma 4.1, it is easy to show that, if x, # x,
)= 02, 160, )8, 5B 1)

- W(qxz;qzl,/xz)}}>
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and that
(00 02002 ) = (0, | 4022, 301 @3 0200

- W(Qxl§ qZV/xl)]}>
These equations immediately imply (4.11). i

Lemma 4.3. A4,(q)’ is summable with respect to 4 and there exists a
positive constant M, such that

UDHKM,  Yxez’ 4.13)
Proof. By Eq. (4.9)
A2y = { [ 1) 1) it exo (1 s 02
WG )~ @0
Let us define
E,={qllg.’ <alog, |x], Vxe 4

where log, |x|=max{1,log|x|}. The superstability estimate (2.1) easily
implies® that, if a is sufficiently large, u(E,) s 1. Then
A v

2 H ’ " ARV
A< Jim, | uldas) | 2day) 2ol a2

A3x

X ZA(qAC)_l eXp[_ﬁﬁ(‘Im 9e>qx 19ac)] (4.14)

where

H(909595 |9nd) = H@a 1 940 — 2W (@43 0 20y5)
+ W qzo) + WGy 9 20x)
H can be thought as analogous to H for a new spin system obtained by

adding two spins g and q2. We denote by &, the set Z” U {x’, x"}, where x'
and x” are two copies of x, and by § = (§,),. a configuration of the new
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system. The interaction of this system is described by the two-body potential
8...(a.q'), where
9x:,4:9") if z,€{x",x"}, z,€Z"%x
9..@q) if z,z,€Z%x
—0x:,(9-9") if z,=x, z,€7"/x
0 otherwise

8...(aq)=

It is easy to see that Eq.(4.6) implies for the new system the
superstability condition (2.1).
Let us now consider the function

Paes @i 80) = Z4(@ne) ™" [ Mdan,) expl—B@xa40Y | aa0)] (415)

If g,. € E,, we can proceed as in the proof of Theorem 4.1 of Ref. 2 in
order to show that, if A is sufficiently large,

PA(q.:9:q7) <expl(Br—y)gk + q.> + q2*) + 35] (4.16)

for a suitable d, independent of g,. and 4, and
Y <Blr—J2—J(1)]

The only difference with respect to Ref. 2 is that in (4.15) Z,(g,.) is the
normalization constant of the old spin system. However, it is possible to take
this fact into account in a trivial way (we omit the details). (4.13)
immediately follows from Egs. (2.1), (4.14), and (4.16). 1

Lemma 4.4. There exists a constant M, > 0 such that
KAL) — QI < M, 4] (4.17)
Proof. By some simple algebra

A== [0 — D]

x€eA

s X ([ Ma) 1) 4,9, (e 1p0@.)

X, yEA
X#EYy

0000, ~ 8@.,) ~ $8(0.4,)) ~ 1)
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Equations (2.1) and (2.13) imply that {(g2) < C,, Yx € Z”, for a suitable C,.
Then, using Lemma 4.3 and again Eq. (2.13),

A% — QIS (Co+ M) 4|+ Y Y C,, (4.18)

XEA Y¥X

where

C,y =€ | A(dG,) 2(dq,) Mda,) M(dg,) |4 |g,,
X exp[—(y — rB)(q5 + 47)]
X {exp[BJ(1x — y|)gx + g5 + dz +32)] — 1}
< BeJ(x — y|) | M(dd,) Mdd,) Mda,) Adg,) |4 |a,]
X a3 +a; + @5 + @y) exp{—[y — B~ BI(1))(q% + 45)
+BI)@: + 7))

Equation (4.17) follows from (4.18), (4.6), and (2.1), if y is near enough to
B(r—J/2) [see Eq. (2.1)].

Lemma 4.5. There exists a constant M; > 0 such that
(Bp)>M; || (4.19)

Proof. Let x be an arbitrary point in Z". By Eq. (2.4)

u(dq,) = A(dq,) f ldqzeel Zi59(@z0) ™" exp[~BW Gy G0

Let
Ey o= 1{dz..19, <B+alog|x—y|Vy+x}

If ;. € Ep ,, using Eqgs. (2.3) and (2.4) we find

W@ a0l <3 D J(x—yDlgi+ B +alog|y—x|]
yY#+x

<3qi+C

for a suitable C > 0. Then

—1
ulda) > Mdg e =< | [ Ay e | uie, 0
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By Egs. (2.1) and (4.6), there exists a constant D > 0 such that
u(dg) > DMdq,) e ¥ u(E, )

Furthermore, by Eq. (2.13)

wE)>1- Y | H(dg) e¥r% e~ M58

y#x “a;>B+alog|x—y

>1-— Z jl(dqy) equfe—yq§+8 ey(q}%—B-aloglx-yl)

yFX

> 1 _eS~yB [J ll(dq) eﬂrql] V 1

y?'x lx’_ yiyu

Then, if B and a are sufficiently large, there exists £ > O independent of .x,
such that

u(dg,) > Ei(dg,) e =%
This immediately implies Eq. (4.19), if one takes in account Eq. (2.2). |
Proof of Theorem 4.7. By the Schwartz iﬁequality
Q4 —(Q)")AL) —(An)") > (Qada) — (Qa)AL)  (4.20)
Using (4.10) and (4.11), we can write

Aa)? =XQa)" =(Q%) — 43 =(QsA ) + (B4) — 4} (4.21)

where
43 =(01) — (0’ (4.22)
Inserting (4.21) and (4.22) in (4.20), we obtain
AR(CAR) + 43 —(QuA L) — (BA) > A} — (By))
ie.,
AR(A3) —(Q4,4) +<(By)) > (B,)
and, using again (4.11),

AR((AR) — @A) + 2(B,)) > (B,) (4.23)
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Equations (4.17) and (4.23) imply that

B,)?
A2> < A
17 2B) + M, |4]

which implies, by Eq. (4.19),

| (B A7) o
= At > > 0
I T NV RS AT A

Theorem 4.2. Let d(q) be a real function of the spin variable which
is not constant on the support of A(dg) and such that |d(g)| < C|g|. Under
the conditions of Theorem 3.1 there exists a constant M > 0 independent of
A such that

4|7 [KD3) — Dy’ | 2 M

where
DA = Z d(qx)
xeA

This theorem expresses the strict positivity of the generalized susceptibility
Xa=lim 1417 (D3) —(D,)?]

and is proved in the same manner as Theorem 4.1. One first introduces the
inessential condition [A(dg)d(g)=0 and then the quantities 4, and B,
replacing g by d(g). Note that for translation invariant states

Xa= ZI ((d(g,) d(g,)) — (d(g.)){d(g,))) (4.24)

if the sum is finite.

5. SUM RULES AND CLUSTERING PROPERTIES FOR
INFINITE SYSTEMS

We consider an infinite system satisfying the conditions of Section 2
and we furthermore assume that the two-body potential is symmetric, tran-
slation invariant, and has a power-law decay at infinity with power y, i.e., the
condition (2.4) becomes

k
Jm<—5  v>v (5.1)
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and

/111—{20 }'y¢x+/lzi,x1(q= ql) = dﬁ(q’ q,) (52)

with @ some fixed unit vector and d(q, g,) not identically zero.
It then follows from (2.3) that

ldi(g,q,)l <clqllg,l (5.3)

If u € My(R) and X = Z" is a finite set, we define the correlation function of
u for the set X by

u(dgy) = A(dqy) px(ax) (5.4)

In the following, to simplify the notation, we shall consider only tran-
slation invariant states. Let d(q)=d;(q,,q) with g, any fixed value for
which p.(g,) # O. In this section, we shall establish the following result.

Theorem 5.1. Assume that the two-body potential satisfies the
conditions (5.1) and (5.2); then, for any (translation invariant) equilibrium
state 4 € M,(2), the following sum rule

Y [(d(g,) d(g,)) — (d(g.)Xdg@,))] =0

yvelzv
is satisfied whenever the clustering is faster than the decay of the potential,
i.e., whenever for any finite sets X, and X,

lim /”Vx,,xsz _lepX2+ﬂ.ﬁ] =0 (5.5)

A 00

together with

X+ Ixal eXp(Aerxlqu ‘I;Zc)
d(XlaXZ)r + l

!pxl ,Xz(le’ ‘IXZ) - le(le) sz(qu)l < (5.6)

where ¢ and 4 are some constants, 4 < fr, and

d(X,,X;)= min |x, —Xx,]
X1€X
Xq€Xs
From Theorems 4.2 and 5.1, we immediately have the following theorem.

Theorem 5.2. Suppose the two-body potential has a power law
decay satisfying (5.1) and (5.2) with a function d4(g,,q,) which is not
constant on the support of A(dq,) - A(dg,). Then for any translation invariant
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equilibrium state u € M(2), the clustering (defined as in Theorem 5.1)
cannot be faster than the decay of the potential.

To establish Theorem 5.1, we first remark that any equilibrium state
UE M(Q) satisfies the following Kirkwood—Salzburg equations (see
Appendix A):

Parl@:a) =" S [A(dgy) Kyi(dy3 ay)

Yo Zv/Xx

X Prxy(@x = 0,9y, qy) (5.7)
where X is any finite set, x € X, and

W@ 9= Y 9.3 9,)

yeX

Wg,;qx)=0 if X=¢
(5.8)

KX;Y(QX ; qy) = H [e—Bd’Xy(quIy) _ 1]

yey

Key@xsqy)=1 if Y=9¢
It then follows from (5.7) that

pxxl(q‘h) - px(q) pxl(ql)

=e 2@ N [ 2(dgy) K, (43 9y)

Yo Zv/xx

X [pxle _pxlpr](qx = 07 41, qy)

+Ken (@) Y f Mdqy) K (93 9y) £x,(41) Pxr(d: = 0. 4v)

Yo Zr/xx,

— P2 (@1) | A@E) K 11 (3 81) 5419 . (g, 31) (59)

In the following, we are going to study p,, —p,p,, in the limit [x — x| - oo.
Let

xt=x+Ad
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Using (5.2) and (5.9) we have

/1lim AP ax, — PxaPx )4, q1)
-0

= lim Y mf,l(dqy)KxA;y(q;qy)

A=y Zvind,

X [Perxy — Px,Priv](@=0,9,y) 1

—Pda.q) lim S [A(dgy) Ko@)

Y Zv/xix;

X P (q1) Pray(@=0,qy) (I

—p(@) Jim 27 [ M(d0) Koy (@3 8) €270 Ly (qg,) (D)

Therefore assuming the clustering condition (5.5) we have
0= )+ 1)+ (I1II)

The idea to evaluate the right-hand side is to notice the following: In (I) only
those Y with one point y near x, and the other points ¥/y = ¥ near x* will
contribute; since

Anyﬁ;y(q; qy) - _:Bdﬁ(q9 qy) and pxlxl Y " Px,Pxiy _)pglypx17

we obtain:

W= Y [idq,)|~pdia.q,)| [ A(dg7) K ..5(a; 85)

velv/x;
Fezv/x

X Py,5@:19,) Poi(g =0, g5)

= 2 fi(dqy)[—ﬁda(q,qy)]pily(qnqy)px(q)

yelZv/x,

In (II) only those ¥’s near x* will contribute, i.c.,

(I1) = —Bd (g, 91) P ,(4,) P+(q)

Finally, using the clustering property

(UD) = Bp..(a1) £.(@) | M) de(a, 7,) £, (@)
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Therefore, assuming p,(g,) # 0 we obtain

0=— % [(dg,) ds(@0: 2, P%,,(a1: ;)

yeZv/x,

+p0a) || H08) dia0: 0900 ~ g a)| .10

The rigorous deviation of (5.10) is given in Appendix B. Let then d(q) =
d;(g,; q); multiplying (5.10) by [ A(dq,) d(q,), we obtain

0=— 3 [i(dg,) [ Mdg,) d(a,) d(@,)p%,(@::9,)

yelv/x,

[ 1da,) @) 0@ || g d@) 0@~ dta))|

=— Y [(d(g,,) d(g,)) — {d(q.,)Xd(g,))] (5.11)

yelv

which concludes the proof.

Remark. Let us note that the condition on dyg,,q,) introduced in
Theorem 5.2 is not very restrictive, since otherwise the asymptotic behavior
of the potential would be independent of the spin variables.
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APPENDIX A

In this appendix, we shall derive the Kirkwood—Salzburg equations for
the family M (Q) of equilibrium states defined in Section 2. We need the
following lemma.

Lemma A.1. If X is a finite set, z € X, and f(g,) is any bounded
measurable cylindrical function with base in X, then

= Jim, (ron |8 T 4.0 a)] ) (A

YEASC
zeA
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Proof. We will proceed as in the proof of Lemmad4.3. If E,=
{q| lg.*<alog,|x|, Vx€A and a is sufficiently large,
u(limy »z, E,)=1,% which implies that, for any fixed g, € R?

2. ¢z,y(‘1uqy)m’ 0 (@70 a-8.)
yeas zeh

By dominated convergence, it is then sufficient to show that

<If| exp [ > ¢Zy(qz,qy)]> <o

y#z

where ¢ , is the positive part of ¢, ,. By Eq. (2.7)

(e | Y 82,000 )
= Jim [u(dg,0) | Mda,)1/(@0)] Zy(@0) " x| BA@@00)] (A2)

A DX
where H is the analog of H for a spin system with the potential

909,9") if x,y#:z
959" )={ ¢.,(q,9') if x=z and 4,(q,9')<0
0 if x=z and 4¢,/(q,¢')>0

Of course, this new spin system satisfies the superstability condition (2.1)
with the same constants 4 and B of the old one. Then, by the same argument
used in the proof of Lemma 4.3, if A is sufficiently large the integral in
Eq. (A.2) can be bounded by a constant independent of A.

By Egs. (A.1), (2.7), and (5.4),iffz€ X

Px(qx) = Ali/mlv J#(dq/\c)J‘ AMdq,x) ZA(qAC)Al e~ PH Nz 1019

A DX

xexw |8 Y bugnan)|ew| 5 Y 0u.0)]

yeX/z yeEA/X

But ¢,,(0,9,) =0, then H(q,,,|qs.) =H(g,,.q,=0]|g,). Therefore, using
the definitions (5.8)

Px(gy) = e B¥ 9% lim Z Ji(d‘h’) K,.v(q.:9y)
YcA/X

A2y
ADX

X J#(quC) J A'(qu/Xy) ZA(ch)_l e_BH(QA/z‘ZZZOWACU
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which implies that
sz(qqu):e—BW(qz;qX) Z J-}’(qu)Kz;Y(qz;qY)szY(qz:09 QX’ qY)’

YeZv/Xz

z&€X (A3)
The series in Eq. (A.3) is absolutely convergent. In fact, by Eq. (2.13)

Z J'l(dQY) |KZ;Y(qz 5qv)| Poxy(@: =0, 44, qy)

Yo Zv/zX

<exp {O(X|+ 1)+ @Br—» Y 4

xex

)
1+esfi(dqy)|e—wzy<qz,qy) — 1] eWBr-»g

x 11

yeZv/Xz
<exp {O(X|+ D)+ Br—y) X qi+ D e*BI(z—y))|q,]
xeXx NE4

lel(dqy) e“’q3|qy| e~ M5 BT 14;1 lay) (A4)

which is finite, thanks to Egs. (2.1), (2.4), and (4.6), if y is suitably
chosen. I

APPENDIX B

Contribution (l1)

It is sufficient to show that (II) does not change if we make the
substitution
lim > = lim
A=0 yo Fuxdx,  AP® pFesxa

In fact, using the invariance under translation,

lim > f Adgy) K o, v(5 y) Prar(@ = 0, qy) = p(q)

Aoy Zv/xA

Let us then consider the contribution due to those ¥ containing x,:

lim [ 2dgs,) Ko, (@45 [ A(dy) Koy 02)

A0y Foinix,

X px"le(q =0, x> QY)

= lim fl(dqxl) K 1:x(95 Gx,) Pr2x,(94x,)
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But, by Eq. (2.13)
Pz (G 7.,)l < oBr— @+ aip y25
and

| Korix (@5 4| SBI(x" — x,]) g g, | €2/ =0 1al |

which imply that the integrand is uniformly bounded by an integrable
function; since the integrand converges pointwise to zero as 4 — oo, we have
concluded the proof of (II).

Contribution (i)
(III) = —pxl(ql) }1_130 J‘)'(dq-l)A’;le;xl(q;q_l)eﬂdjﬁxl(q;q_dpxﬂxl(qql)

Since

|le:x1(q; q,) eBeAx1(a.7) | <,3J(|x’1 —x, |) 1q‘ 1q1| eBIUxt—xi1) gl gy

using (5.1) we can again apply the dominative convergence theorem to
permute limit and integral.

Contribution (})
(A) Y= ¢’ Ay[pxﬂxl - pxﬂpxl] -0 by assumption
(B) Y#9¢
(B1) If |y| > A/8 for all y € ¥, then there exists 4, such that, for 4 > 4,

|y — x| >A/16, |x* —x,| > A/16. The contribution of these sets can be
bounded by

Y [ 2day) K r@ 40| 27 1Prny s~ P, vl

Yo Zv/x
élY‘+2 2 2 2
< . S
<Y A Knlasa e |4 ( 3 d et +al)

Proceeding as in the last part of Appendix A [see Eq. (A.4)] the
integrand is thus bounded by an integrable function; applying dominated
convergence this contribution yields zero.
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(B2) The contribution of the sets Y= {y, --- y,} such that | y;| < 1/16
and | y;| > 4/8 for all j # i can be bounded by

- Z J /l(dqi)/prA:yi(q; q,-)f A(dgy) Kxf\;?(q; ge)i---}
|y:l <A/16 Yo Zv/xA
Yi#EXy  |y;1>A/8

{ } = {[pxlxlyi?—pxlyipxif] + pxﬂf[pxly,-“pxl py,-]
_pxl[prly,-?_pyipxlf]}

Once more, using Appendix A and (5.1), we can apply dominated
convergence and only the second term in the bracket will yield a nonzero
contribution.

(B3) If /16| y;|<A/8 and |y;|> /8 for all i#j, then a similar
argument shows that this contribution is zero since

/’Ly[pxlle —Px, ple] -0

(B4) All the contributions with more than one point y; in Y such that
|| < 4/8 will give zero using similar arguments.

REFERENCES

1. D. Ruelle, Commun. Math. Phys. 50:189 (1976).

2. J. L. Lebowitz and E. Presutti, Commun. Math. Phys. 50:195 (1976).

3. L. Gross, Commun. Math. Phys. 68:9 (1979).

4. R. B. Israel and C. N. Nappi, Commun. Math. Phys. 69:29 (1979).

5. H. Kiinsch, Commun. Math. Phys. 84:207 (1982).

6. C. Cammarota, Commun. Math. Phys. 85:517 (1982).

7. Ch. Gruber, J. L. Lebowitz, and Ph. A. Martin, J. Chem. Phys. 75:944 (1981).

8. Ch. Gruber, Ch. Lugrin, and Ph. A. Martin, J. Stat. Phys. 22:193 (1980).

9. J. Ginibre, Statistical Mechanics and QFT, C. De Witt and R. Stora, eds. (Gordon and
Breach, New York, 1971).



